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Abstract

A Lagrangian-based one-dimensional approach has been developed using Cantera to study the dynamics
of spherically expanding flames. The detailed reaction model USC-Mech II has been employed to
examine flame propagating in hydrogen-air mixtures. In the first part, our approach has been validated
against laminar flame speed and Markstein number data from the literature. It was shown that the laminar
flame speed was predicted within 5% on average but that discrepancies were observed for the Markstein
number, especially for rich mixtures. In the second part, a detailed analysis of the thermo-chemical
dynamics along the path of Lagrangian particles propagating in stretched flames was performed. For
mixtures with negative Markstein lengths, it was found that, at high stretch rates, the mixture entering
the reaction-dominated period is less lean with respect to the initial mixture than at low stretch rate. This
induces a faster rate of chemical heat release and of active radical production which results in a higher
flame propagation speed. Opposite effects were observed for mixtures with positive Markstein lengths,
for which slower flame propagation was observed at high stretch rates compared to low stretch rates.

1. INTRODUCTION

Nowadays, hydrogen is mainly used as a chemical in specialized industries such as ammonia and
methanol synthesis and hydrogenation of fats and oils [1]. In the future, hydrogen may become a widely
used energy carrier both for economical and environmental reasons [2]. This perspective, along with
other advantages of hydrogen in terms of efficiency increase and emission reduction [3–7], has moti-
vated extensive work on hydrogen-enriched fuel blends for gas turbine and combustion engines [3–6, 8–
10]. However, since the combustion of these lean mixtures is subject to thermo-diffusive instabilities,
significant technical and engineering challenges arise in order to avoid unstable combustion, flash-back,
blow-off, and noise [11]. The spread of hydrogen use to non-specialists also involves serious safety con-
cerns. The study of hydrogen combustion properties is also important for the risk assessment of nuclear
activities. Past and recent accidental events, for example in the United States at Three Mile Island [2]
and in Japan at Fukushima nuclear complex, have demonstrated the continuing relevance of studying
hydrogen-air combustion.

Flames propagating in mixtures with negative Markstein lengths (or numbers), such as lean hydrogen-
air mixtures, are well known to develop cellular instability at an early stage of the propagation [2, 12,
13]. The cellularity of flames is a result of the competition between a number of phenomena including
hydrodynamic instability, preferential diffusion and flame stretch [2]. As a cellular flame front develops,



the flame area increases and the flame accelerates [14, 15]. This early phase of acceleration might play
an important role in the flame acceleration process and possible subsequent transition to detonation
(DDT) [16]. In this regard, flame propagation in lean hydrogen–air, with negative Markstein lengths,
are very likely to develop unstable flame wrinkling, which would result in increased burning rates and
even influence flame acceleration to the point of choking. On the other hand, the stabilizing effect of
preferential-diffusion and stretch for rich mixtures also influences the flame acceleration process by
delaying the development of a cellular flame structure. As a consequence, a detailed characterization of
the response of the flame to stretch is of primary importance for risk assessments. A large number of
studies have examined numerically the flame structure and dynamics for hydrogen-air mixtures. Among
other studies, Aung et al. [17] investigated the effect of stretch on the laminar flame structure using
one-dimensional (1-D) numerical simulation of spherical flame. They noted an increase/decrease of
temperature and radicals concentration for mixtures with negative/positive Markstein length as compared
to unstretched freely propagating flames. Kwon and Faeth [18] performed a similar study for hydrogen-
oxygen mixtures diluted with helium and argon. Sun et al. [19] employed outwardly and inwardly
propagating 1-D flames to extract the global parameters of hydrogen-air flames. More recently, Varea et
al. [20] employed the A-SURF code to simulate outwardly propagating spherical flame in lean hydrogen-
air mixtures and compared their results with experimental data. Despite the great insights provided by
numerical simulation of unsteady, one-dimensional (1-D) spherically expanding flames, it is noted that
such an approach has not been fully generalized in the combustion community and that, to the best of
our knowledge, such a code is still not freely available.

The purpose of the present study was to develop and validate a code to simulate unsteady, one-dimensional
spherically expanding flames with plans to make it widely available to the combustion community as
open source software. Here, we chose to implement a Lagrangian-based 1-D simulation framework
using Cantera and Sundials CVODE libraries. While such unsteady Lagrangian flame codes have been
popular in the past (i.e. Run-1DL [21]), none are open source or freely available. For validation, we
intended to reproduce experimental macroscopic flame properties such as the laminar flame speed and
the Markstein number. Then, we employ our code to examine the flame dynamics of lean hydrogen-air
mixtures.

2. NUMERICAL SIMULATIONS

2.1. Numerical method

We considered the one-dimensional unsteady evolution of a laminar flame in spherical coordinates.
Here, the flame evolution was governed by diffusion-reaction equations for a chemically reactive fluid
augmented by the evolution of each chemically reactive species. To simplify the governing equations,
the low-Mach number approximation [22] was applied. Also, unsteady temporal pressure changes were
neglected. As a result, the conservation evolution of each chemical species and sensible enthalpy was de-
coupled from the conservation of momentum equation. Finally, mass-weighted Lagrangian coordinates
were considered, as previously adopted to investigate the spontaneous ignition of high pressure hydro-
gen jets into air [23], turbulent combustion subgrid closure via CLEM-LES [24], and also asymptotic
analysis of stretched flames [25]. This strategy was originally used in the former Run-1DL code [21],
which was often used to simulate 1D flames in many past investigations, i.e. [17, 26–31]. This strategy
effectively eliminated the requirement to solve the continuity equation and the velocity field. This also
eliminated (1/r) terms normally present in radial coordinate formulations, and therefore eliminated the
singularity problem as r → 0 where r is the radius. The resulting system of equations which was solved
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In this approach, a transformation from radial to mass-weighted Lagrangian coordinates was applied,
i.e. (r, t)→ (m, t), where the mass-based coordinate, m, was obtained by integrating

m(r, t) =

∫ r

r=0
ρr2(r, t)dr (3)

In (1)-(3), hi is specific enthalpy of the ith species, k is the thermal conductivity for the mixture, m is
the mass coordinate (Lagrangian coordinate), p is the pressure, T is the temperature, t is the time, ud,i

is the diffusion velocity of the ith species (which includes ordinary, thermal, and correction velocity
components, depending on the transport properties adopted), r is the radius, Yi is the mass fraction of
the ith species, ρ is the density, and ω̇i is the net rate of production of the ith species.

To solve the equation set (1)-(2), an operator splitting technique [32] was applied. The solution was first
obtained for the inert diffusion terms across one time step using the explicit Forward Euler method [33]
and upwind differencing. The production and heat release terms were then solved implicitly across the
same time step using the Sundials CVODE solver [34]. Currently, we do not employ adaptive mesh-
refinement, however the code is parallelized for shared memory systems using OpenMP libraries [35].
Ongoing efforts are being made to the eliminate operator-splitting and to develop a fully implicit and
parallelized code in the Sundials CVODE framework. Cantera 2.4 [36] libraries were used to incorporate
the USC-Mech II detailed chemical kinetic mechanism, using both mixture-averaged [37, 38] and multi-
component [39] transport properties.

For each simulation, up to 5000 computational nodes were used. The resolutions, ∆m, were chosen for
each simulation such that the flame radius could be recorded in the range 8mm < r < 24mm. Grid
convergence tests were also conducted to ensure that the chosen resolutions produced converged flame
speed solutions within this range. To initiate a flame simulation, a pocket of burned gas was specified
within the first 20 to 40 computational nodes. The temperature and composition of the burned gas
was estimated by allowing the gas, in this region, to reach chemical equilibrium at constant enthalpy
and pressure prior to simulation. To avoid computational difficulties associated with sharp gradients at
startup, a smoothing function [40] across 6 computational nodes was applied at the interface between
burned and unburned gas. Finally, zero-gradient conditions were prescribed at both boundaries.

2.2. Reaction model

The well established reaction model of Davis et al. [41], referred to as USC-Mech II, has been selected
for the present study. It includes 10 chemical species and 28 reversible reactions. Nitrogen was con-
sidered inert and thus, NOx chemistry was neglected. The transport data provided with this model were
employed to calculate the transport properties.
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3. RESULTS AND DISCUSSION

3.1. Prediction of macroscopic flame properties

This section focuses on the prediction of macroscopic flame properties, namely the laminar flame speed
and the Markstein number. Numerical simulations have been performed over the range of equivalence
ratios φ=0.3 to 5 at T1=300 K and p1=101 kPa. In order to extract the relevant quantities from the
1-D simulations, the linear extrapolation model has been employed. This approach was motivated by
the fact that in many studies, the flame properties have been extracted using this method. Briefly, from
asymptotic analysis performed in the limit of high activation energy and low stretch rate [42–44], the
spatial flame speed (S b) is given by

S b = S 0
b − Lb · κ, (4)

where the subscript b refers to the burned mixture, the superscript 0 indicates a zero-stretch quantity, Lb

is the Markstein length, and κ is the stretch rate. In the case of a spherical flame [13, 17, 45, 46], κ is
given by

κ = 2
S b

R f
, (5)

where R f is the flame radius and S b is given by

S b =
dR f

dt
. (6)

Substituting Eqs. (5) and (6) into Eq. (4), and integrating with respect to time gives

S 0
b · t = R f + 2Lb · ln

(
R f

)
+ Cst, (7)

where Cst is an integration constant. Least-square fitting can be applied to Eq. (7) to obtain S 0
b and Lb

which are linked respectively to the unstretched flame speed S 0
u and the unburned Marsktein length Lu

through the expansion ratio σ = ρu/ρb, where ρu and ρb are the unburned and burned gas densities,
respectively. The Markstein number (Mau) can be obtained by dividing the Markstein length by the
characteristic unstretched flame thickness (δ f ), i.e.

Mau =
Lu

δ f
, (8)

where δ f is given by [12, 47]

δ f =
Tad − Tu

(dT/dx)max
, (9)

where Tad and Tu are the adiabatic flame temperature and the fresh mixture temperature, respectively.

The evolution of the normalized instantaneous spatial velocity as a function of Karlovitz number (Ka=κδ f /S 0
b)

is shown for several mixtures in Figure 1. In this figure, S 0
b=(S 0

uσ), where S 0
u was obtained using the

freely propagating flame code in Cantera. The maximum temperature gradient was used to track the
position of the flame front. Since the system is constant pressure, this is equivalent to tracking the max-
imum density gradient, and is therefore consistent with experimental measurement techniques reliant
on Schlieren photography. At φ=0.5 the Markstein length is negative whereas for φ=1 and φ=3, the
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Markstein length is positive. The extrapolated unstretched spatial velocities are close to 1 and are thus
consistent with the values calculated using the freely propagating flame code. This is consistent with
the results of Aung et al. [17] for H2-air mixtures. While noting that the influence of extrapolation
methods on the extracted laminar flame properties have been extensively studied [20, 48–51], it should
be emphasized that the range of data employed is of primary importance for extracting consistent flame
properties [52] and Nativel et al. [53] showed that consistent flame speed can be obtained when using
only the linear part of the VS =f(κ) curve.
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Figure 1: Evolution of the flame speed as a function of Karlovitz number for hydrogen-air spherical flames at T1=300 K and
p1=101 kPa. Solid lines: linear extrapolation model.

Figure 2 compares some experimental laminar flame speed data [13, 18, 45, 54–57] with the predictions
of the numerical simulations. The simulations were performed considering both the mixture-averaged
and multi-component transport models. Note that data from Vagelopoulos et al. [55] and Egolfopoulos
and Law [56] have been obtained using the counterflow twin-flame technique but were corrected for
stretch effects. The predicted flame speed agree qualitatively and quantitatively with the experimental
results with a mean absolute error around 5%, regardless of the transport model employed. The largest
discrepancy is observed for very lean mixtures with an absolute error of approximately 40-45%. The
errors have been calculated by considering an average experimental value for each equivalence ratio. The
discrepancies between the predictions and the simulations might be partly attributed to slight differences
in the initial temperature employed [58].
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Figure 2: Experimental and calculated laminar flame speed for hydrogen-air mixtures at T1=300 K and p1=101 kPa. Solid red
line: prediction from USC-Mech II. Red line: mixture-averaged. Black line: multi-component.

Figure 3 compares the calculated and experimental [13, 17, 45, 54, 59] Markstein number for hydrogen-

5



air flames. For some of the data, it was required to first extract the Markstein length by dividing the
provided Markstein numbers by the appropriate flame thickness (δ f T =k/(ρucp)). This procedure en-
abled to obtain consistent data but since δ f T depends on the specific thermodynamics and transport data
used, it led to the introduction of uncertainty. From the δ f T values provided by Aung et al., this uncer-
tainty was estimated to be of a factor of two or less. The simulations capture the normalized equivalence
ratio (Φ) at which the Markstein number changes sign, around Φ=0.4 (φ=0.7) as well as the overall
evolution of Mau with Φ. In particular, it is noted that the “hook” shape of the Markstein number curve
on the lean side is well captured. The largest discrepancies are observed on the rich side where the
predictions are about three times lower than the measurements. It should be noted however, that the
experimental data in this range demonstrate very large scatter. The Markstein numbers predicted for the
lean mixtures match relatively well the experimental data. This indicates that the USC-Mech II is well
suited to study flame acceleration and DDT processes in highly-unstable lean hydrogen-air mixtures.
However, inaccurate prediction of the stability of rich flame might occur. It should also be noted that the
predicted Markstein number does not show a strong sensitivity to the transport model employed.
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Figure 3: Experimental and calculated Markstein number for hydrogen-air mixtures at T1=300 K and p1=101 kPa. Red line:
mixture-averaged. Black line: multi-component.

3.2. Lagrangian particles dynamics

To study the thermo-chemical dynamics of Lagrangian particles, two mixtures with φ=0.5 (case 1) and
φ=3 (case 2) have been selected. Their respective predicted Markstein numbers are -0.15 and 0.15.
For each mixture, analyses were performed for two particles, one being more stretched (Mau=0.075)
than the other (Mau=0.05). These two flame conditions are referred to as highly and weakly stretched,
respectively. The difference of S b./S 0

b is +5.4% for the lean flame (φ=0.5) and -4.6% for the rich flame
(φ=3.0). Since the two cases are essentially opposite to each other, only the results for the lean mixture
are shown in the manuscript. For all figures, the profiles obtained for high and low Ka have been aligned
based on their respective time at which the chemical heat release term reaches its maximum.

Figure 4 shows the evolution of the energy terms in Eq. (2) as a function of normalized time for two
Lagrangian particles submitted to low and high stretch rate. A diffusion-dominated period (τdif) has been
defined as the difference between the instant at which the diffusion term reaches 10% of its maximum
and the time at which it becomes lower than the heat release term. A reaction-dominated period (τreac)
was also defined as the difference between the instant at which the heat release term overcomes the
diffusion term and the instant at which it drops below 10% of its maximum. At the beginning of τdif, the
diffusion term is higher for Ka=0.05 whereas at the end of τdif, it is higher for Ka=0.075. As expected
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for flame propagating in a mixture with a negative Markstein length, the heat release rate is higher at
high stretch rate during τreac.
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Figure 4: Effect of stretch rate on the magnitude of the energy terms profiles. Two Lagrangian particles entering a hydrogen-
air spherical flame are used. Conditions: φ=0.5; T1=300 K and p1=100 kPa. Ka=0.075: solid lines. Ka=0.05: dashed lines.
The green lines indicate the location of the diffusion-dominated and reaction-dominated period obtained for Ka=0.075. The
differences (bottom) were obtained by subtracting the value at Ka=0.05 from the value at Ka=0.075.

Details on the heat release dynamics are revealed in Figure 5, which shows the energy release rate per
reaction profiles. The dominant reaction is H+O2(+M)=HO2(+M) for both Ka. At the beginning of τdif,
the absolute energy release rate per reaction is higher for Ka=0.05 than for Ka=0.075, for all reactions.
By the end of τdif, the absolute energy release per reaction becomes higher for Ka=0.075. During τreac,
OH+H2=H2O+H becomes the second highest contributor to the total energy release.
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Figure 5: Effect of stretch rate on the energy release rate per reaction profiles. Two Lagrangian particles entering a hydrogen-air
spherical flame are used. Conditions: φ=0.5; T1=300 K and p1=100 kPa. Ka=0.075: solid lines. Ka=0.05: dashed lines.

Figure 6 shows the evolution of the equivalence ratio, temperature and nitrogen mole fraction profiles
while Figure 7 shows the species mole fraction profiles. Note that for the temperature profiles, the
high stretch rate conditions have been used as the reference. The faster diffusion of hydrogen at low
Ka induces a faster drop of the equivalence ratio than at high Ka. This decrease begins long before
chemistry is activated and is thus due to the faster mass diffusion of hydrogen molecules. Consistent
with the faster diffusion of heat for low Ka in the beginning of τdif, the temperature increases faster
for low Ka and is up to about 30 K higher at the end of τdif. This results in an earlier activation of
the chemistry with production of water vapor and of hydrogen peroxide. Since less fresh mixture has
been consumed or diffused away, the reactivity of the mixture entering the reaction-dominated zone is
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Figure 6: Effect of stretch rate on the equivalence ratio, temperature and nitrogen mole fraction profiles. Two Lagrangian
particles entering a hydrogen-air spherical flame are used. Conditions: φ=0.5; T1=300 K and p1=100 kPa. Ka=0.075: solid
lines. Ka=0.05: dashed lines. The green lines indicate the location of the diffusion-dominated and reaction-dominated period
obtained for Ka=0.075. HS indicates high stretch. The differences (bottom) were obtained by subtracting the value at Ka=0.05
to the value at Ka=0.075.

higher at high Ka than at low Ka. This leads to a faster temperature increase for high Ka due to the
higher chemical energy release rate induced by higher active radical, H and OH, concentrations. The
final temperature is approximately 30 K higher for Ka=0.075 than for Ka=0.05.

The chemical dynamics of the active radicals have been further examined by calculating the rate of
production (ROP) as shown in Figure 8 for H atoms and Figure 9 for hydroxyl radicals. The H pro-
duction is dominated by OH+H2=H+H2O and O+H2=H+OH while its consumption is dominated by
H+O2(+M)=HO2(+M) during τdif and by H+O2=O+OH during τreac. The production of OH is dom-
inated by HO2+H=OH+OH during τdif and by the chain branching reactions during τreac, whereas its
consumption is essentially due to OH+H2=H+H2O. Except at the beginning of τdif and at the end of
τreac, the absolute ROP for all the reactions are higher for Ka=0.075. The ROP results demonstrates the
importance of low-temperature pathways (H+O2(+M)=HO2(+M) followed by HO2+H=OH+OH) for
the chemical dynamics of these lean hydrogen-air flames.
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Figure 7: Effect of stretch rate on the species mole fraction profiles. Two Lagrangian particles entering a hydrogen-air spherical
flame are used. Conditions: φ=0.5; T1=300 K and p1=100 kPa. Ka=0.075: solid lines. Ka=0.05: dashed lines.

In their study, Aung et al. [17] explained the higher flame propagation speed for unstable hydrogen-air
mixtures by the formation of a “more nearly stoichiometric” mixture due to the preferential diffusion
of hydrogen. This implies that a richer mixture than the initial mixture has been formed. However,
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the present Lagrangian-based approach provides a different perspective. Whatever the stretch rate is, a
leaner mixture is formed in the Lagrangian particles as compared to the initial mixture. At high stretch
rates, diffusion of hydrogen is slower than at low stretch rates. Consequently, a less lean mixture is
formed at high stretch rates compared to low stretch rates. Since this less lean mixture is more reactive,
a higher propagation speed is observed. For rich mixtures, the equivalence ratio is also decreasing as
compared to the initial one at all stretch rates. However, diffusion is faster at high stretch rates and thus
a more lean and more reactive mixture is formed as compared to the initial mixture than at low stretch
rates.

4. CONCLUSIONS

In the present study, unsteady Lagrangian-based one-dimensional simulations of spherically expanding
flames propagating in hydrogen-air mixtures have been performed. While satisfactory agreement with
the available experimental results was observed for the unstretched laminar flame speed, discrepancies
were seen for the Marsktein number on the rich side. This is an important aspect since it can lead to
inaccurate prediction of the stability of rich flames, which can be detrimental to the prediction of flame
acceleration and the DDT process. Detailed analyses of the energy release and chemical dynamics were
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performed for two Lagrangian particles subjected to high and low stretch rates. For the lean mixture, al-
though subtle changes in equivalence ratio, ∆(φ/φ1)<0.05, and temperature, ∆(T )<30 K, were observed
for the range of Ka studied, a change of more than 5% in S b was induced. The Lagrangian-based sim-
ulations demonstrated that the diffusion of hydrogen is slower at high stretch rates which leads to the
formation of a less lean flame with respect to the initial mixture than at low stretch rates. This results in
an increasing flame propagation speed with respect to stretch rate. Opposite conclusions can be drawn
for the rich mixture case.
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